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,,\hstrllel--Exilct transient solutions arc obtaincd for penny-shaped crack growth in an elastic
matcrial. Thc matcrial is loadcd by a gencral combincd tcnsion in-plane shear,tl'rsion field and. for
wnsislcncy with thc crack shape. thc field varics axisymmctrically about thc crack centcr a1\is.
S"luti"n construction is inlcrms of a gcncral .'[) dish'cation distribution. and draws on e1\act results
dcrivcd prnil'usly for 2D planc crack growth. For gcner.l1ity in allacking more complicated
pronkms in the fUlure. the s"lution mcthod makcs n" appcal at thc oUlsct t" axisymmetry. nllr to
thc l'lek of gCl'mdric charactL'r"tic \engtl\. Thc gcncral expression li'r the J[) displacement solutilll1
vector is presentcd. and tWll important cases wllrked out. One l,f these-unili>rtn cl1mnim:d load
ing -is also examined I'Will the viewpl,int llf fracture mechanics; I t is li'und that the relative
imp('rtance of any l'ne l,f the three fracture modes to the fracture energy rate depends on crack
growth rate as well as on the (oilding itself.

I. INTIWI>U<:TION

As the review hy Panasyuk e( al. (19H I) and the work hy Fabrikant (19XlJ) demonstrate.
analytical studies for a wide variety of static 3D crack prohlcms have heen made. For non
static 3D prohlcms. however. the emphasis has been on approximate. time-harmonic. or
numerical studies of stationary cracks (Achenhach e( al.. IlJX2; Martin and Wickham.
19X3; Rosakis e/ al.. IlJHX; McCarthy and Hayes. IlJH9). Thus. there are relatively few
transient analytical studies of growing 3D cracks.

Nevertheless. several of these arc of note: in particular. Willis (1973) has obtained
approximate transient solutions for 3D crack growth when no characteristic length exists
while. even more recently. Erguven (llJ85) and Brock (1981.) derived exact results for a
penny-shaped crack growing at a constant rate in. respectively. a uniform torsion and a
uniform tension lick\.

The aim of the present paper is. therefore. ,t first-step extension of the work by Brock
and Willis: a penny-shaped crack growing at a constant subcritical rate in an unbounded
isotropic clastic material is treated. As Fig. I illustrates in terms of the Cartcsian co
ordinates x = (x,. x~. xJ). the crack lics in the xlx~-plancand grows from a point dcfcct at
x = O. The variable s is timc multiplied by the dilatational wave specd. so that c is the
dimensionless ratio of crack speed to dilatational wave speed. The loading in the material
is appropriate for penny-shaped crack growth: the crack plane is placed in a state of
axisymmetrically-varying combined tension. in-plane shear and torsion. Exact transient
solutions will be obtained. so lhat some general physical insight will be possible. It is hoped.
moreover. that the eX,lct nature of the solution will suggest methods of treating more general
3D crack prohlcms.

In the next section. the transform solution for a related 3D problem is given and partly
inverted. This is subsequently used to construct solutions for the penny-shapcd crack
problem. It will be noted that the solution process makes no appeals at the outset to either
the lack of a characteristic length in the gcometry or the problem axisymmetry; these
properties will subsequently be invoked when particularly convenient.
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Fig. I. Geometry of penny-shapel! crack growth anl! wlI1binel! loal!ing.

~. RELATED 3D PROBLEM

Consider an unhounded. isotropic. linearly clastic material: For s ~ 0 it is at rest, hut
for s > 0 a dislocation distrihution u • - u·· = lJ appears on thc finite region II, of the x 1.\·;

plane, Herc (u. V) are the displaccmcnt and displaccmcnt discontinuity (dislocation) vectors.
with Cartesian components (/I,. V,) (i = I. 2. 3). while (±) dcnotcs evaluation on thc surfacc
x, = 0 ±' Thc distrihution V = vex. s) is for s > 0 continuous and finitc in II,. and vanishcs
identically outside ..I" The governing equations for the prohlem arc. therefore.

in ii, for s > O.

for all x whcn s ~ 0 and

u'-u =V

u=:O

I 1 .

a = (m- - 2)(V'u)1 +Vu +uV
II

( la)

(I b)

(2a)

(2b)

for s > 0 and all x exccpt perhaps A,. Herc V is the gradient operator, (') denotes s
differentiation, a and I are the stress and identity tensors. and (') denotes the inner product.
Thc constants lit.!',.!'!) arc. respectively, the shear modulus and dihltational and rotational
wave speeds. In addition, u = u(x. s) should be continuous along dilatational and rotation~d

wavefrollts or. correspondingly. should rellwin finite as Ixl -x; for finite .\' > O.
To satisfy eqns (I), (2) and the ~lttendantlinitenesscondition on u, we follow the work

of Brock (1986) on a more general dislocation problem: The uni- und biluteral Lupluce
transforms (Sneddon. 1972)

(3a.b)

are applied. Here integration is along the entire Re (XI. x!)-axcs and the vector q = (q,. q!. 0).
The scalar p can be treuted as real: in particulur, p > 0 for this problem. The result is the
transform problem
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(dC- pCh c)u* + (m C- I )(pql.pqc. d)(pqlllr +pqclI!+ dllt) = 0 (~a)

(u*)~ -(u*) = l'* (~b)

for. respectively. x, :f. 0 and x, = O. where lu*1 must remain finite as Ix,1 --- x. Here

(5)

while d denotes x,"differentiation and q = Iql. Here Re(a.h) ~ 0 in the 'I-plane cut along
1m ('I) = O. IRe ('1)1 > (I. m). The appearance of the branch cuts on the Re ('I)-axis follows
from the use of the bilateral Laplace transform. and proves to be of some convenience in
manipulating the transform inversions. The wavefront continuity imposed on u. as mani
fested in the unilateral Laplace transform. can be shown to guarantee the exponentially
small behavior at infinity required for the bilateral transform. cf. Brock (1986). The trans
form problem is readily solved and. in particular. we have for XI = O.

2111 C

..- ITt, = - DCf
JIP ..

(6a.b)

where

.. T:
D = 4q-h+

a
(7)

From Sneddon (197:!). the inverse of operation (3h) applied to (6h) gives

(X)

for x, = O. We have assumed that LJ * is analytic along the 1m (q,)-axes. which arc the
inversion integration paths in (X). These paths arc chosen to avoid the bram:h cuts of (a. h).
Introduction of the rotation

q'X = Q I'. Q = I!

where, = ../(x; +.d). Q = (QI. Q!. 0) and Q = IQI. produces integration .dong the 1m (Q,)
axes. and an exponential term which is independent of Q!. Thus. wc can write

( 10)

where integration is now along the entire 1m (QI)-axis and the positive 1m (Q:)-axis. and
the subscript (' signifies that part of a function which is even in Q:. In view of (9).

D(q) = D(Q), a(I!) = a(Q)' h(q) = h(Q). E(q) = E(Q) ( II )

(12a)

so that these functions are automatically even in (Q I. Q :). Similarly. it can be shown that
(6a) yields

(i2mnfa" = JIP' f fSt, c"Q,' dQ, dQ: (i = I. 2)

St, = (U,*),.[(Q,: cos: 0+ QL sin: O)E -m:h] - (UL)"Q, Q:£ cos 20

+n(Uf i).·(Qi-Q~)+(-I)'·i(U,*)"Q,Q:1Esin20 (12b)
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where the subscript () denotes that part of a function which is odd in Q~. As seen in Fig. I.
(r. (]) are the polar coordinates in the x IX :-plane. where II = tan I (x: X II. Indeed. the
complicated nature of (12b) suggests that (r. 0 I be used in place of (x ,. x:). It is then easily
shown that (10) remains the same. but that (12) can be replaced by

(i2mrr):a" = JIP \ Jf[( C*),(Q~ E -f1I~h)- (L-,;"l..Q, Q~£l el.',r dQ I dQ:

(i2f11rr)~a,,, = JIP' fJ[(L:';"),(Q~E-f1I:h)-(U:)"QIQ:El el't',r dQ, dQ:

(13'1)

(13b)

where now U = (Ur • U". Cd. These results are now applied to the penny-shaped crack
problem.

J. TRANSFORM ADAPTATION FOR PENNY-SHAPED CRACK PROBlBI

We choose A, to be the growing circle r < cs shown in Fig. I. and U to represent the
relative displaccment of the two crack surfaces. For subcritical crack speed.

(1-1-)

where (1/ < 111/ is lhc Rayleigh wave speed non-dimensionali/ed with respel.:t to 1",. The
crack prllblem can now be viewed as the superposilion of the solution which would exist if
no cral.:k Wl.:re pl'l:sen!. ;llld the solutioll to the prohlem consid..:n:d ahove. Of course. U
must now he l.:hosen so that il vanishes continuously at r = 0. while simultaneously
l.:alll:dling the tral.:lions imposed over A, hy the lirst solution.

The lirst solution represents the loading in the unhounded material. As noted at the
outset. this loading produl.:es an a,'\isymmctrically-varying tension shear tor,ion field on
the aal.:k plane. We here assume tlwt this fidd l.:an he represented by polynomials in
(r. s). Clearly. the terms in these polynomials can be grouped al.:l.:Ording to their degree of
homogeneity 11 (Brock. IlJ76) so that. hy superposition. the tral.:tion fidd imposed on x, = ()
can be written ;IS combinations of the sets

_ r
<; =-.

s
( 15a.b)

Here c, is the x,-basis vector. (f is now in the coordinates (r.O.x,) and the components of
the vcctllr U" arc linear combinations of powers of ~ between 0 and 11. For present purposes.
it sullil.:es to consider 11 ~ O.

By superposition. a fidd U can be obtained separately for eadl given traction set (15a).
Because the problem geometry exhibits no characteristil.: length. this U will be homogeneous
of uegree 11 + I in (r• .I') (Achenhadl and Brock. 1971 ; Brock. 197X). Therefore.

U=.I''''lf(t-~)'''IA(t)dt. r:::;;cs ( 16)

is an arpropri:lte l.:andidatl:. whcre the vector distrihution :\(1) over the dimensionless.
speed-related parameter t is now the quantity sought.

In view of ( 10) and ( 13). the uouhle transform of ( 16) is r~'qllired : Applil.:ation of (3).
changing the integration v;lriablcs from (x I' x:) to (r. (J) and then interchanging thc order
of (r• .\') integration gives a form in which hoth thcse integrations ean he performcd. The
result is
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(n+ I)! f" f!II: dO IU*=_·_-- ('-I A(t)dt k=-.
p"-\ 0 0 (k+q, cos 0+'1: sinO)! • t

The O-integration can be written as - tl,("1k. where

f
:/t dO

1= .
II k+q, cos O+(/: sin 0
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( 17a.b)

( 18)

For q real. (18) can be performed by use of standard tables (Peirce and Foster. 1957) to
gIve

2n:
1 = ~,-,--,' k ~ q.

"I (k" - q")

whereupon. in view of (9). (17a) becomes

( 19)

Upon substitution of (19) and making the imaginary nature of Q! explicit. i.e. Q! = ill
(II rcal). (10) gives

where A = (..If' All. A I). integration is now along the positive Re (11)- and entire 1m (Qt)
axes. and

Q! = Qi -/l~.

1= J( I +u!).

(I = J«( - Qi).

J
1 ,

A1 = ("r + Ir).

h = J(M! -Q~)

C = J(k! +II!),

(2Ia)

(21 b)

It is noted in view of (7) that the integrand of (20) exhibits the branch cuts 1m (Q d = 0

and. respectivdy. (I. Al) < jRe(Q,)1 < C. Neither function has poles in its cut Ql-plane,
and both vanish exponentially as IQ d ...... x.. Re (Q I) < O. Therefore. by the Cauchy theorem,
the Q I-integration can be deformed onto contours around the branch cuts on the negative
Re (Q d-axis. The result is

(22)

where - II' replaces QI and now

(23)

Similar expressions can be obtained from (13) for (til" aJI})' In the next section. the inversion
of all these tmnsforms is compktcd.

~. TRANSFORM INVERSION

By inspection. the inverse unilateral Laplace transform of the p-dependent terms in
(22) is

I
~-, (s - 11'1')" F/(s - wr)
11.

(24)
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where H( ) is the Heaviside function. (fwe assume that the operations of (u• •". t)-integration
and inversion can be interchanged. then (22) and (24) give

1rm~ i' t" (iL f.L T~)~-----.- an = A ,(t) ----- 4l'~h- -- X dl'dt
!,(n+I)!" o' ,,/(k~-L·~)J m I a " •

S
! = 

r
(25)

for x~ = 0, Here L = min (k. r). the (u. II')-integration orders have been interchanged. and
the integration variable change U' = ~'(u~+ l'~) made. i.e.

(26)

The function X" is defined as

(27)

In view of (15h) and Fig. I. it is more convenient to use the dimensionless variahh: ~. and
to eliminate the need for the symbol k. Therefore. the integration variable change l' = 1/:
is introduced in (25). and it can then be shown that

(
....~~+tI~1 )111 J.I = r" i' A,(I) J 1~l-1, 1 ( rI,,, SO + rI s.r) 'lIn (:) "~~4dt (2X)

Jl !l. 0 (: - - r) J J ~ :

for XI = O. Now L = max«(.. ~)and

'Po(x) = ell' IX. 'P,,(x) = f.' (x-u)" - l't'o(U) dll (n ~ 1) (30)

and :-intcgration is along the upper side of the Re (:)-axis. It should be noted that the
integrations in (30) can. if needed. be performed by standard tables (Peirce and Foster,
1957),

In view of (15a), A(I) must be chosen so that (28) gives a polynomi<tl homogeneous of
degree 11 in (r. s) when r < cs( ~ < c). An 'lni.llogous requirement 'lrises in the treatment of
2D plane crack extension under polynomial-form loading (Brock. 1978). Indeed the 2D
n.:sults suggcst the trial form

t~1 .. n

A(t} = 'a --- ...----- ..
L. 'J' "1(c--r)""

(31 )

where the vectors 3, = (a". £1,0. £Iil) arc arbitrary constants ..md sLlmmution is over; from 0
to /I. It is noted that the number of unknown cocllicicnts. 3(n + I}. is equal to the number
of coellicicnts needed to completely define the vector polynomial B". Equation (16) thus
hecomes

U =..II""'air(I-::)"+'- /~t-" dl r~cs.
,) L,/ (" J' "1' '"

~ (c- - r}·'+·
(32)

Despite the singular LIpper limit. (32) can readily be evaluated to give a finite result. by
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interpreting it as a tinite part integral (Hadamard. 1901'). For example. when n =() we can
write

(33)

The first integral is written as the real part of an integration along the upper side of the
entire positive Re (f)-axis. The ewchy theorem is then used to change the path onto the
p\.)sitive lin (f)-axis. where the integration is easily shown to give - I Ie. Standard tables can
be used to evaluate the integration from 0 to ~. The result is

(34)

Substitution of (3 I) into (28) and interchange of the (t. =)-integrations yields two (
integrations which can be pcrformed by use of the Cauchy theorem. Indeed, the two
integrations give the same result. so that (28) becomes

Ttlll' (Jim J".) (=)
I
,/ 1 1 = r" L (I, ,C, 51/ + S I 'I'" , Gm (:, c) d=

qL(ll+ ). ;:.:;

for x, = 0, where

(35)

x~' .: 11

G,,,(X, c) = . ' •..
(e-c')' .

(36)

By a similar process, we ohtain

'2TtIt/' ~ 1'111 [. . (=) (=)] .
• l,(f\, = r"Ltl"l', II/'fI" " +U/lU" ~ (f,,,(:,dd=

(/1(11+ ). , .. ..

for x, = 0, when: (f\tl follows by replacing (1'4' 1'/1) with their negatives, ,1Ild ctll with ct,,,. In
(37)

while

n,,(x) = x,,/{.\·~-I). !l,,(x) =f(X-II)" 'H,,(II)dll(1l ~ I).

(38)

(39)

As with 'lin' the integrations in (J9) can easily he performed if needed.
The tractions generuted on x, = () by LJ # 0 dclined over the zone I' < cs will travel as

dilatational and rot'ltion'll waves. Because these wnves exist in. respectively, the regions
r < s( ~ < I) ,tnd r < slm( ~ < 1'/11), they can immediately he identified as the A- and B
subscripted terms in (35) and (37).

Although the forms of these equations suggest otherwise, two examples now considered
will demonstrate that (35) and (37) do indeed behave as polynomials of degree II in (I', s)

when r < C'i. thus allowing the problem solutions to be completed.

gAS .28:4 .. r
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5. VARYI:-.IG PURE TE:-;SIO:-.l

If we consider the unbounded material subjected to pure tension. then B" = (0. O. Bn ,)

in ( 15a). whereupon (37) and its (j w-counterpart show that

(-W)

That is. L = (0. O. Cd in (32). To illustrate how to obtain the a" for C,. we consider the
case!l = 2. Then (15a) gives the general form

HI)

for x, = O. r < ('.I'. where the h, are specified positive constants. For r < ('S. !l = 2. it can be
shown that (35) can be written as

(42)

where (15b) has been used.

(43)

and integration is along the upper (1m (=) = 0+) side of the =-axis. In (42). integrand terms
involving (.. /, /I) have brandt ellts along 1m (=) = o. ~ < IRe (=)[ < (I. 1/111). respectively.
Thc~ingularity at = = (' in (,":, lies. thercrore. on the integrand hranch cuts. Ilowever. (30)

shows that

for Im(=) = 0+. IRc(=)1 <~. thus allowing a pole to exist at = = 0 for the lillI-term; the
additional term in (42) corrects for the residue of this pole. The integrand has no other
poles or hranch cuts in the first quadrant of the =-plane. and behaves no worse than 0(= :)
when 1=1 -> .~. The Cauchy theorem can be used. thercrore. to transform the integration
path in (42) onto the positive 1m (=)-axis. where (0) hecomes

4'1' : C) = - 3 ~ J[I+ C}]+ [I - 2CY](In [~

+ J[l +C}]] +i;)' == ide> 0). (45)

Then. taking the imaginary part of the integr<al in view of (15b) <and (36). (43) <and (45) gives

(46)

where

and it should be noted th<at the I'-integrations can be expressed in terms of complete elliptic
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intt:grals (Gradshtl:yn and Ryzhik. 1980). For purposes of analysis and computation.
however. tht: forms given in H6) are actually more efficient.

Equation H6) is dearly a polynomial homogeneous of degrl:e 2 in (r• .1'). Thus. st:tting
it equal to the negative of (~I) gives a set of three linear equations for the unknown
coetlicients (£I"" £II" £I,,) in terms of the specified constants (h". hi' he)' The crack problem
is. therefore. t:ssentially solved.

We must consider a case in which all three traction components must be removed.

6. U"IFORM TE"SION. SHEAR A:"D TORSIO"

For the case of uniform tension. shear and torsion. n = 0 and (15a) can be written as

e.,·(J" = B" = b

where the compont:nts (h•. h". h,) of bare specitled positive constants. For /I = 0 it is easily
shown in view of (36) that (35) and (37) give for XJ = O. r < ('s.

Trllra'l = -2/IC£lo ,1111 f' ~\p,,(:) , ~I; ..
" c:; ;'(;'-c')'

(~l)a)

Trill a,. = (~lJh)

whik a \II follows from (~l)h) hy replacing (/". with {loo and I\u with -I\u. Here

and the integrand branch cuts arc the same as they were for (42). hut it is noted that no
poks exist in the cui ;-plane I'M this case. The Cauchy theorem can yet again be used to
change the integration paths onto thl: positive 1m (;)-axis. where (30) and (.N) reduce to

\P"G) = In [~+ J[I +(~}JJ +ii· noC) = - ~ J[1+CYJ. ;= ir(r > 0).
(51 )

In view or (51). it can then he shown that (49) and their t'T",-counterpart give the constants

«() 1

all = -jlC '(/0."n,-

for x, = O. r < n. where

(52)

(53)

and R I is given hy (47). As with (46). the integrals «(), can be expressed in terms of complete
elliptic integrals. although their present forms arc actually more convenient. Setting (52)
equal to the negative of (48) yields
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2m:
(a",. a,it') =-A-. (h" h,,)

ilL'&':
(54)

which completes the solution process. With the validity of (} I) and the method for deter
mining the coefficients 3, demonstrated, we now present general results for the displacement
field generated in x, > 0 by the traction removal process.

7. GE:-.lER,\L EXPRESSIO:-.lS FOR TR..\CT10:" RHIOVAL SOLUTIO~

Returning to the original transform problem associated with (~), it is easily shown that
for x, > O.

(55h)

(SSe)

whl:n: (lI, h./) an: givl:n hy (5) and (7), As hd'ore, it is conn:nil:nt 10 I:mploy the l'oordinatl:S
(f. 0, x I). Therefore. we apply the inverse of Oh), and introduce hoth the new coordinates
and the rotation (9). The result is

(56)

where now II = (11,..11".11 I). and the (f. O. x I)-components or the M-vectors arc

1\1 , \ = - 2aQ I (U,*),. + '2aQ~( U,,*).. + T( U f),-

Mil, = (1II~-2Qi)(U,*),.+2Q,Q:(UI~),,+'2Q,h(Un_

MilO = 2Q,Q,W,*)., + (m' - 2Q~)(U,n -'2Q:h(UfL

(57;1)

(57b)

(57c)

(57d)

(57e)

(570

Integration is. as in (10) and (13), along the entire 1111 (Q I )-axis and positive 1m (Q ~)-axis.

At this point. the forms (19) and (3 I) arc introduced, and rormal integration yields

(11+ I)! (',
V*=(V*),,=2n:c p"'~ La'(I_c~Q')"~' (58)

Ag<lin. it is useful to make the imaginary natun: of Q: in (56) explicit by writing Q: = ill
(II rC<lI), but we now ch<lnge the Q I-integrations onto paths in the cut Q l-pl<lne along which
the exponential terms assume the form e"'-. where r is real and positive. These arc, of
course. the Clgniard-del-loop contours (dd-Ioop. \9(0) given by
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for the: ('I~.'IR)-te:rms. respc:ctivcIy. whe:re (I.M) are given by (2Ib) while I' = Ixl. The
two contours are branches of hyperbolae in the left half of the Q I-plane. with Re: (Q I)-axis
interce:pts at Q I = (-frp. - .\lrp ). respectively. It is note:d that neithe:r intercept lies on
the branch cuts of its corresponding integrand, For x, = 0, of course. these contours
collapse into the paths used in obtaining (22). The inverse of the p-terms can now be
obtained by inspection. cf. (2~), as

I
--- (s-r)"~ I H(s-r)

(n+ I)!

whe:reupon. from (56) and (59) it is easy to show that

The (+ )-sign is chosen in (59) and. from (57),

(60)

(61 )

_ (.., ~ T
Ill" - _Qla,,-QI a".

a
.., ~

- _II a,,,. (62a)

lil,i, = [(II/~ - 2Q;)a" + '2Q /Ia", ( , ..,' T..", ]1I/'+_II')a,,,, QI" a,,+-(Qi+II')a,1 . (6'2h)

An alternative form more closely related to those derived previously for x, = 0 can he
ohtained hy introducing the integration variables (II',:), where II" = 1'/" and, for the (m".
lIlo,),tams,: = (1//, 11M), respectively, lh.: result is

for X, > O. where ('1., {J.II) are deHned by ('29),

_ fl
':;=

.\'
(63)

• (II" - ~)" • I II"~'
f.~, = .... ; ,,--, , ,. Z = P:II' (64a)

(Z'-("'IJ.~)'·' ,./(:--11"')

W~ = JJ'~-I'~II'~'1.~, WH = W~_p~\I,1{11, IV= -:r+ix\J(:1_II'~) (64b)

and

[
IJ'p

Ill
l

= ..-... ., a, -.., IV~ IV'a
, /., .". - 'r·

" (:' -1\")

'2W ]~,-c;-- '-,- (Z1_ JV.,)a" - 1', W'ad
.,j(:- -1\")

("'8')' = ('2 IV~ - "'~ Z~) IV'a" +'2 IV{ W H - ",1Z~)ad

("'81)" = -(fI\I")~NJV'a,,,

(65a)

(65b)

(65c)
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WP
----'!---U -"W W'a

.. .. Ir - 8 I"
,,(~- -w-)

(65d)

W' = ir+x, . . Pc = -2W~+(pll')~e-S). PH = -2W~+(p\f);X. (66)
'\ (~- - \I")

Despite their formidable appearance. the If-integrations in (6.1) can be performed, In
particular. the highly-singular (F li • Fa,Herms can be treated in the same manner indicated
by OJ), Howevcr. like their counterparts defined in (0) and (39). the present forms ,Ire
more convenient.

In both (61) and (6.1). the partial uncoupling of the crack surface relative displacements
previously noted for the x, = 0 tractions is also evident: in particular. the tangential (0)

wmponent. which n:presents relatin: slip in torsion. all\:cts only the tangential displacement
for all X,> O. i\foreovcr. the dilatational and rotational wave components arc clearly those
terms with. respectively. subscripts A and B,

To conclude this analysis. we now examine some fracture mechanics aspects in terms
of the uniform traction case solution outlined earlier.

X, FRMTI iRE :\HTIIt\:-':ICS ASI'HTS FOR IINIFORi\1 TRACTH):" CASE

Fwm a fractun: nH:ehanies viewpoint. the tractions gellt.:rated just ahead of the crack
edge (XI = 0" = cs+) arc of particular interest. Returning now to (35) and (37). we lind
in view of (.~(l) that for x I = 0, 1'.1' < r < <IIIie' < ~ < I fIJI) the singularity at : = I' now lies
oil" of the integrand branch cuts 1m (:) = 0, ~ < IRe (~)I < (I, I jill). This singularity is of
order 2, and WI: note that (0) and (9) give

(67)

for [m (:) = 0', IRe (~)I < ~. These observations, along with the convcnient form of (49),

suggest that for x \ = O. I' < ~ < [,III we can write

(6Xa)

where (f 111 follows from (6Xb) by changing a", to a",/ and the sign of the K-subscriptcd terms.
[n (6X)

R = :x(S" + St>. R'r = T" + UII. Ru = F, + I'll (69)

where c replaces: in the detlnitions (29). The non-integral terms in (68) arise to account
for the pole residues at ~ = c now appearing in the integrands. With this ctTeet extracted,
the formal c-difTerentiation C.lI1 take place. and the integrals in (68) arc now identical in
form to those in (49). Thus, in view of (52), (54) and (48), (68) becomes
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for x-, = O. es < r < .'i.m. Here 0'1/1 follows from (70b) by replacing hr with hi/. and by
changing th~ sign of Rn. For r = cs+. these fonus give. upon differentiation. use of (50)

and keeping only the singular terms. the results

h,
(in ....

,,(2n),,/(r-cs)

h,
0'1 ......~---~-~--

, ,/C2rr)" {r-cs)'

h,
(T 111 .... ..------...-.- .---:- -------

. " (2n).j(r-cs)
(71 )

where (hl' h> };1) are. respectively. tbe mode (I. fl. III) dynamic stress intensity fuctors
givcn by

(72)

and (:t./i. R) arc now functions of l'. At this point. wc note that R is thc Raylcigh function
with zeroes.1t ±CH' Thus (72) confirms the wdJ-known (Broberg. 1960; nrock. 1977) results
that a growing crack loses its stress singularity in modes J and Jl .It the Rayldgh wave
speed. whilc the modc III singularity vanishes at the shear wave speed (c = lim > c«).

Another quantity of interest is £,. the rate per unit Icngth of l.:rack edge .It which
encrgy is produccd hy the growth of the penny-shaped cr.lck :

(73)

I krc intcgration is over that arca of the r(}~plal1e l.:ontaining the crack. whik the tractions
arc for the complete solution, and arc cvaluatcd on this plane. By following the work of
Achenbach (ItJ70). (73) can be l:valuatcu as follows: from (70) anu (71) we note that the
ll)[al stress field vanishes on thc cr..u.:k surface. but is squ"lrc-root singular ut ,. = (.°S +. Then.
from (35) and (54). we see that iJ is squ.trt:-root singuhlf at r = 0-, i.e.,

while. of course. vanishing for r > c.\'. This combinution of singularities has the ctrl:ct of a
Dira<.: function at r = cs. Its sifting propc:rty can. therefore, be used in view of (71) anu (74)
to show th... t

wtll:re the codlkients

(75)

4R(' = .... _....
r ('~(I)ur

4m:fJ
('PI = ._"f..-,......

("1
(76)

arc dimensionless constants. and (x. II. R) .lre again functions of c.
As could be discerned from the general result (20). and is conl1rmed by (54) and (71),

the problem axisymmetry uncouples the solution in such a manner that the three loading



Fig. ~. Ratio, of fr;lI:tllrt: l11o,k ,','ntrinllti'"l' to fracturc cncrgy rate '" 11<1n-dilllcnsi,'nah/cu crack
'pced.

traction componcnts an: associated one-to-one with the corresponding fracture modes. In
(75). therefore. one can examine the relative importance of the fracture modes to the energy
rate in terms of the dimensionless ratios

('

k" = '.
('1/

('"

k", = .
(',

('/I

kr'l = .
C',

(77)

In Fig. 2 we plot these ratios vs (" < ("/I for two values of 1/1. and sec that (k",.k,,,) arc less
than unity for low «(" -- 0) lTack spel'ds, hut eventually increase rapidly with speed. The
ratio k, ,. however. exceed.... unity for (" -- 0, then dClTeases with speed. Thus. for h, = h" = h,.
the Illode III contrihution to J~: exceeds that due to mode I at low crack speeds. and the
mode I dlcct. in turn. exceeds that of nlOde III. This tendency changes. however. with crack
speed and. at high speeds (c -- c,d. the mode III contrihution dominates. and mode II has
a stronger ellcct than mode I. Thus. even in an ideali/ed prohlem. the relative importance
of the three fracture modes in the energy of crack growth is sensitive to crack speed.

I). DISCUSSIOt"'

This paper presented an exact analysis of penny-shaped crack growth at constant speed
under combined tension/in-plane she~lr!torsionloading.In keeping with the crack geometry,
the 10~lding variation was axisymmetric with respect to the crack center. By assuming that
the loadings could be represented as polynomials in the crack plane spatial coordinates. the
problem could. by superplhition. he reduced to a series of problems with diflcring degrees
of hlllllOgeneity in the spatial variables and time.

These prohlems were put into forms whidl were convenient for study. and which
emphasi/ed their basic similarity with 21) problems of plane crack growth solved exactly
by Brock (llJ7X). Thus. trial functions which required only the determination of arbitrary
constant coeflieient vectors were immedi~ltely identilied. Nevertheless. Cauchy theorem
based manipulations of the resulting crack plane tractions were required to show that the
functions il1lked gave the appropriate polynomial forms on the crack itself.

The trial forms had the advantage that they were simple. that the correct singular
behavior at the crack edge could he maintained hy only one coeflicient vector. and. ahove
all. that they exhihited the same numher of unknown coellicients as that needed to denne
a polynomial homogeneous to a given degree. This resulted in a set of linear algebraic
equations for the unknown coefllcients. One possible goal of future research might be.
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thaefore. to seck alternati\1: trial forms which would kad to a strongly banded. or even
diagl1 nal. matrix I'M these equations.

Two specitic cases---varying pure tension and uniform tension in-planl: shear torsion 
were worked out in soml: dl:tail. in ordl:r to illustratl: compktion of the solution proCI:SS.
The lattl:r case was also studil:d in terms offracture ml:chanics. and the relative contributions
of the three fracturl: modes tL1 the fracture I:nl:rgy ratl: were found to be dependent on crack
growth rate. This implies that the nature of rapid 3D crack growth under mixed-mode
hiding may be intluenced by how fast the process occurs as well as by the loading applied.

General expressimls for the displaceml:nts ofa given degree of homogeneity throughout
one half-space bounded by the crack plane were also given. Their forms showed an uncoup
ling dlcct also apparl:nt in the crack planl: tractions: the torsional mode of crack surface
slip anccts only the tangential displacement. This is. of course. an immediate consequence
l)f the axisymmetric k)ading variation and the crack geometry. Indeed. it could be argued
that the solution process would have been much more dlicient had this axisymmetry been
invoked at the beginning. For exampk. the Hankel transform (Sneddon. 1972) is most
useful in SUdl \.:ases.

However. it must be emphasized here.•tS at the outset. that the results presented arc a
first-step extension: it is hoped that the general approach taken here will be more adaptable
to transient 3D crack growth probkms which exhibit neither axisymmetry nor lack of a
cha racterist ic kngt h.

In dosing. it slllluld also be noted that the exact 3D solution process for the ideali/ed
transienl problems presented 11I:re arc nol intended to supplant the numerical,approximate
work currently bl.·ing done in 3D dynamic crack studies. Ckarly. the dillil:ulty of non-slatic
3D crack pwblems requin:s the usc of accurate numerical formulations in many cases.
NC\'erthdess. it is hoped that the availahility of exact transient 3D results for crack growth
will pwve uscl"ul. especially as a source of limih:ase results.
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